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Introduction

• For centuries, experts designed closed-form ODEs for natural systems
• Can this be automated? 
• Symbolic regression produces a closed-form predic?on a = f (b) 

• label-feature pairs (ai , bi ) as training examples
• For ODE models,  the ?me deriva?ve or the “label” x ̇ (t) is not observed
• Exis?ng approaches:

• low measurement noise
• frequent sampling. 

• Discovery of Closed-form ODE framework (D-CODE)
• advances symbolic regression 
• new objec>ve func>on using varia>onal formula>on of ODEs

• avoids the unobserved /me deriva/ve. 
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Related Work: Symbolic Regression

• A closed-form prediction a = f (b) using supervised learning. 
• Key challenge is optimization

• searching for optimal f is thought to be NP-hard 
• combinatorial in the functional form
• continuous in the constants 

• Most existing work focuses on optimization. 
• Genetic programming 

• represents f as a tree, a set of heuristics to directly prune search space
• reinforcement learning
• pre-trained neural networks
• Meijer G-functions 

• All of the above use prediction RMSE as a loss function
• But, the label (time derivative) is not observed for ODEs.
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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Related Work: Data-driven Approaches I

• 2-step sparse regression on the estimated time derivative x˙j
• Assumes linear form of ODE: 
• θk ∈ R are unknown constants
• hk : RD → R  are pre-specified functions
• Uses L1 regularization to produce fewer terms

• Problems:
• linear form is too restrictive 
• choice functions require expert inputs
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
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P
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D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
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All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.
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Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
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Related Work: Data-driven Approaches II

• 2-step symbolic regression
• Uses es#mated Dme derivaDves x˙j as the label 
• Employs any opDmizaDon to search for the opDmal funcDon
• Removes linear assumpDon on the funcDonal form
• Challenges:

• true label (deriva-ve) may not be accurate
• Measurement
• discre-za-on error

• symbolic regression sensi-ve to inaccurate labels as the search space is huge 

3/10/22 Slides by Sumit Kumar Jha 5

Published as a conference paper at ICLR 2022

Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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Related Work: Data-driven Approaches III

• Function approximator approach 
• learns the true ODE with a function approximator g

• a neural network (NN) 
• a Gaussian process (GP)

• estimates the unknown initial condition x(0)
• predicts the entire trajectory x by solving the approximated ODE g 
• trained by minimizing the error between predicted and the observed trajectories

• Challenges:
• No closed-form expression to describe the dynamics
• Performance depends on prediction horizon used for training.
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
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1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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D-CODE Algorithm - I
• Pre-processing 
• Estimate xi : [0, T ] → RJ , i ≤ N from noisy and discretely-sampled data D
• Denoising and interpolating well-studied in statistics and signal processing

• Gaussian process
• spline regression 

• D-CODE agnostic to exact choice of smoothing algorithm
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D-CODE Algorithm - II
• Pre-processing 

• Estimate xi : [0, T ] → RJ , i ≤ N from noisy and discretely-sampled data D
• Consider J ∈ N+, T ∈ R+, continuous functions x : [0,T] → RJ, f : RJ → R, and g ∈ C1[0,T]. 

• Search for the function fj, ∀j ≤ J that is consistent with xi. Formally,

• Details:
• Search over f is symbolic, 
• Cj is obtained numerically, 
• gs has multiple choices, e.g., 

3/10/22 Slides by Sumit Kumar Jha 8

Published as a conference paper at ICLR 2022

However, it is very challenging to recover the time derivative under high measurement noise or
infrequent sampling (Cullum, 1971), and symbolic regression tends to perform poorly with inaccurate
labels (Žegklitz & Pošı́k, 2021). This is an substantial drawback because many applications, such as
healthcare, may involve noisy or infrequently sampled data (Jensen et al., 2014).

In this work, we develop the Discovery of Closed-form ODE framework (D-CODE), which extends
symbolic regression beyond the supervised learning setting. The key insight behind D-CODE is
the variational formulation of ODE (Hackbusch, 2017), which establishes a direct link between the
trajectory x(t) and the ODE f while bypassing the unobservable time derivative ẋ(t). We develop a
novel objective function based on this insight, and prove that it is a valid proxy for the estimation
error of the true (but unknown) ODE. We demonstrate via extensive experiments that D-CODE can
uncover the governing equations for a diverse range of dynamical systems while being substantially
more robust to measurement artifacts than the alternative methods. Finally, D-CODE is designed as a
general framework, where some of its components can be flexibly adapted based on the application.

2 BACKGROUND AND PROBLEM SETTING

Curating a dataset of trajectories for ODE discovery involves many decisions, e.g. What variables to
include? When and for how long to take measurements? (we discuss dataset curation in Appendix
C.) In this work, we assume the dataset is given and the variables can be modeled by a system of
first-order autonomous ODEs (Eq. 1). We note that higher-order or time-dependent ODEs can be
represented in this form by curating a dataset with additional variables (Simmons, 1972) (Appendix
B). The system with J 2 N+ variables is defined as

ẋj(t) = fj(x(t)), 8j = 1, . . . , J, 8t 2 [0, T ] (1)

where we use Newton’s notation ẋj(t) for the time derivative. The functions fj : RJ
! R will be

sometimes referred to as the ODEs directly. We denote T 2 R+ as the maximum time horizon we
have data for. We highlight the following distinction: the trajectory xj : [0, T ] ! R is a function of
time, whereas the state xj(t) 2 R, 8t 2 [0, T ] is a point on the trajectory1. We denote the state vector
x(t) := [x1(t), . . . , xJ(t)]> 2 RJ and the vector-valued trajectory function x := [x1, . . . , xJ ].

Let f⇤
j ’s be the true but unknown ODEs to be uncovered, and xi : [0, T ] ! RJ , i  N , N 2 N+ be

the true trajectories that satisfy f⇤
j ’s. In practice, we only measure the true trajectories at discrete

times and with noise. Denote the measurement of trajectory i at time t as yi(t) 2 RJ ; we assume

yi(t) = xi(t) + ✏i(t), 8i  N, t 2 T (2)

where ✏i(t) 2 RJ is zero-mean noise with standard deviation �. The measurements are made at time
t 2 T = {t1, t2, . . . , T}. We denote the dataset as D = {yi(t)|i  N, t 2 T }.

Closed form. The function fj : RJ
! R has a closed form if it can be expressed as a finite sequence

of operations (+,÷, log, . . .), input variables (x1, x2, . . .) and numeric constants (1.5, 0.8, . . .) (Bor-
wein et al., 2013). The functional form of fj is the expression with all the numeric constants replaced
by placeholders ✓k’s, e.g. fj(x) = ✓1x · log(✓2x). To fully uncover f⇤

j , we need to infer its functional
form and estimate the unknown constants ✓k’s (if any).

Variational formulation. The variational formulation provides a direct link between the trajectory
x and the ODE fj without involving ẋ (Hackbusch, 2017). We start with the following definition.

Definition 1. Consider J 2 N+, T 2 R+, continuous functions x : [0, T ] ! RJ , f : RJ
! R, and

g 2 C
1[0, T ], where C

1 is the set of continuously differentiable functions. We define the functionals

Cj(f,x, g) :=

Z T

0
f
�
x(t)

�
g(t)dt+

Z T

0
xj(t)ġ(t)dt; 8j 2 {1, 2, . . . , J} (3)

Importantly, the functional Cj depends on the testing function g(t) and its derivative ġ(t) but not ẋj .
Proposition 1 below provides the variational formulation of ODE. Essentially it specifies the infinitely
many constraints that x has to satisfy in order to be a solution to the ODE. (see Appendix A).

1We restrict the domain of the function xj to [0, T ] (rather than R+) because we only have data up to T .
However, after learning the ODE, we can extrapolate xj beyond T (Appendix D).
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Figure 1: (A) Illustration of D-CODE (compared with two-step symbolic regression). Both algorithms
involve two steps, but they (1) estimate different variables in step one and (2) optimize different
objective functions in step two. (B) An example of closed-form function and its tree representation.

The main difficulty is that the true label (the derivative) may not be accurately recoverable due to
measurement and discretization error, but symbolic regression is sensitive to inaccurate labels because
of the large search space (Agapitos et al., 2012). As we show experimentally in Section 5, even with
the state-of-the-art methods for estimating derivatives, this approach still often fails when the noise is
relatively low. We briefly review the methods for estimating derivatives from y(t) in Appendix E and
show why this is generally a very challenging problem in Section 4.2.

The function approximator approach learns the true ODE with a function approximator bf , such
as a neural network (NN) (Chen et al., 2018; Rubanova et al., 2019) or a Gaussian process (GP)
(Heinonen et al., 2018). It estimates the unknown initial condition bx(0) and predicts the entire
trajectory bx by solving the initial value problem (IVP) of the approximated ODE bf . The model is
trained by minimizing the prediction error between predicted and the observed trajectories (Table 1).

Importantly, the function approximator approach does not give a concise closed-form expression
to describe the dynamics, which is the main objective of this work. Furthermore, its performance
strongly depends on the prediction horizon used for training. Using an inappropriate horizon may fail
with certain type of systems, e.g. chaotic systems (Ditto & Munakata, 1995). We further discuss this
issue and provide experimental results in Appendix H.2.

4 METHOD

4.1 THE D-CODE ALGORITHM

D-CODE consists of a preprocessing step and an optimization step. Figure 1 provides a schematic
illustration of D-CODE and Appendix B provides the pseudocode. The two steps are detailed below.

Preprocessing. D-CODE starts by estimating the trajectories bxi : [0, T ] ! RJ , i  N from the
noisy and discretely-sampled data D as an approximation to the true trajectories xi. Denoising and
interpolating signals is a well-studied problem in statistics and signal processing, with many proven
solutions including Gaussian process and spline regression (Bernardo et al., 1998; Marsh & Cormier,
2001). The D-CODE framework is agnostic to the exact choice of the smoothing algorithm. The user
should choose a suitable algorithm based on the application and adopt best practices (e.g. Is the noise
distribution Gaussian? Are the measurements made at regular intervals? etc.).

Optimization. After estimating the trajectories bxi, we search for the function bfj , 8j  J that is
consistent with bxi. Specifically, we solve the following optimization problems for all j  J :

bfj = argmin
f

NX

i=1

SX

s=1

Cj(f, bxi, gs)
2, (5)
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and differentiation reduces its differentiability class. Namely, if a true trajectory has a maximum
number of m continuous derivatives then its derivative ẋ has only m� 1 continuous derivatives.

Choice of testing functions. As stated in Theorem 1, we should use testing functions that are
orthonormal basis for L2[0, T ] and satisfy g(0) = g(T ) = 0. Ideally, they should also have analytical
time derivatives ġ(t) for efficient computation of the functional C (Eq. 3). Hence, a natural choice
is the sine functions gs(t) =

p
2/T · sin(s⇡t/T ), which we will use in all the main experiments.

Another possibility is the cubic spline functions (investigated in Appendix G). Although Theorem 1
uses infinitely many testing functions to establish convergence, we observe in the experiments that
typically 40-60 sine functions are sufficient (a sensitivity analysis is conducted in Appendix G).

5 EXPERIMENTS AND EVALUATION

In this section, we perform a series of simulations to evaluate whether the algorithms can discover
the underlying closed-form ODEs that govern the observed trajectories.2

Choice of dynamical systems. In this study, we select five dynamical systems governed by nine
closed-form ODEs (one of them is discussed and examined in Appendix G due to space limit). The
selected systems have varying complexity and different properties of the temporal dynamics. We
start with two common growth models, the Gompertz model and the generalized logistic model
(Gompertz, 1825; Richards, 1959). Both models involve one variable governed by a nonlinear
ODE and converging to a global fixed point. Next, we consider the glycolytic oscillator in bio-
chemistry (Sel’Kov, 1968), which is a standard benchmark problem for dynamical system prediction
and inference (Daniels & Nemenman, 2015a;b). The system involves two nonlinearly interacting
variables that converge to a oscillatory limit cycle. Finally, we consider the chaotic Lorenz system,
which involves three variables forming a strange attractor (Lorenz, 1963). Together, these systems
represent a range of temporal dynamics and application scenarios.

Measurement settings. For each dynamical system, we consider different measurement settings
specified by (1) the measurement noise level �R, (2) the sampling step size �t, and (3) the number
of trajectories N . Since the dynamical systems have different scales, we will report the noise-to-
signal ratio �R = �/std(x(t)) for ease of comparison. We sample the system at regular intervals
T = {�t, 2�t, . . . T} to show the effect of changing sampling frequency. For each setting, we
perform 100 independent simulation runs to compute the evaluation metric and its confidence interval.

Data generation. For each trajectory, we first sample the initial condition xi(0) from a uniform
distribution (specified in Appendix F). Then we obtain the true xi by solving the IVP computationally.
Finally, we obtain yi(t) by adding independent Gaussian noise and sampling at discrete time steps.

Evaluation metrics. We use three metrics to study various aspects of the algorithms. (1) The
probability of successfully recovering the functional form (Success Prob.). We use a computer
algebra system to judge whether the true and discovered functional forms are equivalent (Meurer
et al., 2017) (e.g. ✓1 + x1 ⌘ x1 + ✓1). (2) When the functional form is correct, we evaluate the
accuracy of the estimated constants ✓̂ using root mean square error (RMSE). (3) We evaluate how
well the estimated bf approximates f⇤ using the distance function in Equation 6 (Dist.). Note that it is
possible that bf has a wrong functional form but still approximates f⇤ well.

Algorithm and Benchmarks. We instantiate D-CODE with Gaussian process for smoothing and
genetic programming for optimization due to their success and popularity in the literature (Gramacy,
2020; Schmidt & Lipson, 2009). Our main benchmark is the two-step symbolic regression method.
We consider three variants with different methods for estimating the derivative: Total variation
regularized differentiation (SR-T) (Chartrand, 2011), Spline-smoothed differentiation (SR-S) (Ahnert
& Abel, 2007), and Gaussian process smoothed differentiation (SR-G) (detailed in Appendix E). Note
that SR-G and D-CODE both fit Gaussian process in the pre-processing step but they use different
objective functions. For fairness of comparison, we use genetic programming for optimization in
all these benchmarks. We also compare with Neural ODEs in some cases, although it does not give
closed-form expressions. Appendix F contains further implementation details.

2The code is available at https://github.com/ZhaozhiQIAN/D-CODE-ICLR-2022.
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A THEORETICAL RESULTS: PROOF AND DISCUSSION

A.1 VARIATIONAL FORMULATION OF ODE

Before we prove Proposition 1, we need the following lemma which is a particular formulation of the
Fundamental lemma of calculus of variations Elsgolc (1961).
Lemma (Fundamental lemma of calculus of variations). Let h be a continuous function on a closed
interval [0, T ]. h is equal to 0 everywhere if and only if

R T
0 h(t)g(t) dt = 0 for all g 2 C

1[0, T ] such
that g(0) = g(T ) = 0.

Proof. The forward direction is trivial, so let us focus on the converse.

Assume for contradiction that there is a point t0 2 [0, T ] such that h(t0) 6= 0. Without loss of
generality, assume that h(t0) > 0. From the continuity of h, we know that there is actually a point
t1 2 (0, T ), such that h(t1) > 0. Continuity of h implies that there exists � > 0 and a small
neighbourhood (t1 � �, t1 + �) ⇢ (0, T ) such that h(t) > 0 8t 2 (t1 � �, t1 + �).

We can now define a non-negative continuous function g : [0, T ] ! [0,+1) such that g(t) = 0
outside the neighbourhood (t1 � �, t1 + �) and g(t) > 0 for some interval inside (t1 � �, t1 + �). See
Figure 6 for an illustrative example.

Figure 6: A visual illustration of the proof of Fundamental lemma of calculus of variations

Then Z T

0
h(t)g(t) dt =

Z t1+�

t1��
h(t)g(t)dt > 0 (10)

That contradicts
R T
0 h(t)g(t) dt = 0 for all g 2 C

1[0, T ] such that g(0) = g(T ) = 0.

Proof of Proposition 1. Observe that

ẋj(t) = fj(x(t)) () fj(x(t))� ẋj(t) = 0 (11)
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and differentiation reduces its differentiability class. Namely, if a true trajectory has a maximum
number of m continuous derivatives then its derivative ẋ has only m� 1 continuous derivatives.

Choice of testing functions. As stated in Theorem 1, we should use testing functions that are
orthonormal basis for L2[0, T ] and satisfy g(0) = g(T ) = 0. Ideally, they should also have analytical
time derivatives ġ(t) for efficient computation of the functional C (Eq. 3). Hence, a natural choice
is the sine functions gs(t) =

p
2/T · sin(s⇡t/T ), which we will use in all the main experiments.

Another possibility is the cubic spline functions (investigated in Appendix G). Although Theorem 1
uses infinitely many testing functions to establish convergence, we observe in the experiments that
typically 40-60 sine functions are sufficient (a sensitivity analysis is conducted in Appendix G).

5 EXPERIMENTS AND EVALUATION

In this section, we perform a series of simulations to evaluate whether the algorithms can discover
the underlying closed-form ODEs that govern the observed trajectories.2

Choice of dynamical systems. In this study, we select five dynamical systems governed by nine
closed-form ODEs (one of them is discussed and examined in Appendix G due to space limit). The
selected systems have varying complexity and different properties of the temporal dynamics. We
start with two common growth models, the Gompertz model and the generalized logistic model
(Gompertz, 1825; Richards, 1959). Both models involve one variable governed by a nonlinear
ODE and converging to a global fixed point. Next, we consider the glycolytic oscillator in bio-
chemistry (Sel’Kov, 1968), which is a standard benchmark problem for dynamical system prediction
and inference (Daniels & Nemenman, 2015a;b). The system involves two nonlinearly interacting
variables that converge to a oscillatory limit cycle. Finally, we consider the chaotic Lorenz system,
which involves three variables forming a strange attractor (Lorenz, 1963). Together, these systems
represent a range of temporal dynamics and application scenarios.

Measurement settings. For each dynamical system, we consider different measurement settings
specified by (1) the measurement noise level �R, (2) the sampling step size �t, and (3) the number
of trajectories N . Since the dynamical systems have different scales, we will report the noise-to-
signal ratio �R = �/std(x(t)) for ease of comparison. We sample the system at regular intervals
T = {�t, 2�t, . . . T} to show the effect of changing sampling frequency. For each setting, we
perform 100 independent simulation runs to compute the evaluation metric and its confidence interval.

Data generation. For each trajectory, we first sample the initial condition xi(0) from a uniform
distribution (specified in Appendix F). Then we obtain the true xi by solving the IVP computationally.
Finally, we obtain yi(t) by adding independent Gaussian noise and sampling at discrete time steps.

Evaluation metrics. We use three metrics to study various aspects of the algorithms. (1) The
probability of successfully recovering the functional form (Success Prob.). We use a computer
algebra system to judge whether the true and discovered functional forms are equivalent (Meurer
et al., 2017) (e.g. ✓1 + x1 ⌘ x1 + ✓1). (2) When the functional form is correct, we evaluate the
accuracy of the estimated constants ✓̂ using root mean square error (RMSE). (3) We evaluate how
well the estimated bf approximates f⇤ using the distance function in Equation 6 (Dist.). Note that it is
possible that bf has a wrong functional form but still approximates f⇤ well.

Algorithm and Benchmarks. We instantiate D-CODE with Gaussian process for smoothing and
genetic programming for optimization due to their success and popularity in the literature (Gramacy,
2020; Schmidt & Lipson, 2009). Our main benchmark is the two-step symbolic regression method.
We consider three variants with different methods for estimating the derivative: Total variation
regularized differentiation (SR-T) (Chartrand, 2011), Spline-smoothed differentiation (SR-S) (Ahnert
& Abel, 2007), and Gaussian process smoothed differentiation (SR-G) (detailed in Appendix E). Note
that SR-G and D-CODE both fit Gaussian process in the pre-processing step but they use different
objective functions. For fairness of comparison, we use genetic programming for optimization in
all these benchmarks. We also compare with Neural ODEs in some cases, although it does not give
closed-form expressions. Appendix F contains further implementation details.

2The code is available at https://github.com/ZhaozhiQIAN/D-CODE-ICLR-2022.
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
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beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.
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However, it is very challenging to recover the time derivative under high measurement noise or
infrequent sampling (Cullum, 1971), and symbolic regression tends to perform poorly with inaccurate
labels (Žegklitz & Pošı́k, 2021). This is an substantial drawback because many applications, such as
healthcare, may involve noisy or infrequently sampled data (Jensen et al., 2014).

In this work, we develop the Discovery of Closed-form ODE framework (D-CODE), which extends
symbolic regression beyond the supervised learning setting. The key insight behind D-CODE is
the variational formulation of ODE (Hackbusch, 2017), which establishes a direct link between the
trajectory x(t) and the ODE f while bypassing the unobservable time derivative ẋ(t). We develop a
novel objective function based on this insight, and prove that it is a valid proxy for the estimation
error of the true (but unknown) ODE. We demonstrate via extensive experiments that D-CODE can
uncover the governing equations for a diverse range of dynamical systems while being substantially
more robust to measurement artifacts than the alternative methods. Finally, D-CODE is designed as a
general framework, where some of its components can be flexibly adapted based on the application.

2 BACKGROUND AND PROBLEM SETTING

Curating a dataset of trajectories for ODE discovery involves many decisions, e.g. What variables to
include? When and for how long to take measurements? (we discuss dataset curation in Appendix
C.) In this work, we assume the dataset is given and the variables can be modeled by a system of
first-order autonomous ODEs (Eq. 1). We note that higher-order or time-dependent ODEs can be
represented in this form by curating a dataset with additional variables (Simmons, 1972) (Appendix
B). The system with J 2 N+ variables is defined as

ẋj(t) = fj(x(t)), 8j = 1, . . . , J, 8t 2 [0, T ] (1)

where we use Newton’s notation ẋj(t) for the time derivative. The functions fj : RJ
! R will be

sometimes referred to as the ODEs directly. We denote T 2 R+ as the maximum time horizon we
have data for. We highlight the following distinction: the trajectory xj : [0, T ] ! R is a function of
time, whereas the state xj(t) 2 R, 8t 2 [0, T ] is a point on the trajectory1. We denote the state vector
x(t) := [x1(t), . . . , xJ(t)]> 2 RJ and the vector-valued trajectory function x := [x1, . . . , xJ ].

Let f⇤
j ’s be the true but unknown ODEs to be uncovered, and xi : [0, T ] ! RJ , i  N , N 2 N+ be

the true trajectories that satisfy f⇤
j ’s. In practice, we only measure the true trajectories at discrete

times and with noise. Denote the measurement of trajectory i at time t as yi(t) 2 RJ ; we assume

yi(t) = xi(t) + ✏i(t), 8i  N, t 2 T (2)

where ✏i(t) 2 RJ is zero-mean noise with standard deviation �. The measurements are made at time
t 2 T = {t1, t2, . . . , T}. We denote the dataset as D = {yi(t)|i  N, t 2 T }.

Closed form. The function fj : RJ
! R has a closed form if it can be expressed as a finite sequence

of operations (+,÷, log, . . .), input variables (x1, x2, . . .) and numeric constants (1.5, 0.8, . . .) (Bor-
wein et al., 2013). The functional form of fj is the expression with all the numeric constants replaced
by placeholders ✓k’s, e.g. fj(x) = ✓1x · log(✓2x). To fully uncover f⇤

j , we need to infer its functional
form and estimate the unknown constants ✓k’s (if any).

Variational formulation. The variational formulation provides a direct link between the trajectory
x and the ODE fj without involving ẋ (Hackbusch, 2017). We start with the following definition.

Definition 1. Consider J 2 N+, T 2 R+, continuous functions x : [0, T ] ! RJ , f : RJ
! R, and

g 2 C
1[0, T ], where C

1 is the set of continuously differentiable functions. We define the functionals

Cj(f,x, g) :=

Z T

0
f
�
x(t)

�
g(t)dt+

Z T

0
xj(t)ġ(t)dt; 8j 2 {1, 2, . . . , J} (3)

Importantly, the functional Cj depends on the testing function g(t) and its derivative ġ(t) but not ẋj .
Proposition 1 below provides the variational formulation of ODE. Essentially it specifies the infinitely
many constraints that x has to satisfy in order to be a solution to the ODE. (see Appendix A).

1We restrict the domain of the function xj to [0, T ] (rather than R+) because we only have data up to T .
However, after learning the ODE, we can extrapolate xj beyond T (Appendix D).
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the variational formulation of ODE (Hackbusch, 2017), which establishes a direct link between the
trajectory x(t) and the ODE f while bypassing the unobservable time derivative ẋ(t). We develop a
novel objective function based on this insight, and prove that it is a valid proxy for the estimation
error of the true (but unknown) ODE. We demonstrate via extensive experiments that D-CODE can
uncover the governing equations for a diverse range of dynamical systems while being substantially
more robust to measurement artifacts than the alternative methods. Finally, D-CODE is designed as a
general framework, where some of its components can be flexibly adapted based on the application.

2 BACKGROUND AND PROBLEM SETTING

Curating a dataset of trajectories for ODE discovery involves many decisions, e.g. What variables to
include? When and for how long to take measurements? (we discuss dataset curation in Appendix
C.) In this work, we assume the dataset is given and the variables can be modeled by a system of
first-order autonomous ODEs (Eq. 1). We note that higher-order or time-dependent ODEs can be
represented in this form by curating a dataset with additional variables (Simmons, 1972) (Appendix
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ẋj(t) = fj(x(t)), 8j = 1, . . . , J, 8t 2 [0, T ] (1)

where we use Newton’s notation ẋj(t) for the time derivative. The functions fj : RJ
! R will be

sometimes referred to as the ODEs directly. We denote T 2 R+ as the maximum time horizon we
have data for. We highlight the following distinction: the trajectory xj : [0, T ] ! R is a function of
time, whereas the state xj(t) 2 R, 8t 2 [0, T ] is a point on the trajectory1. We denote the state vector
x(t) := [x1(t), . . . , xJ(t)]> 2 RJ and the vector-valued trajectory function x := [x1, . . . , xJ ].

Let f⇤
j ’s be the true but unknown ODEs to be uncovered, and xi : [0, T ] ! RJ , i  N , N 2 N+ be

the true trajectories that satisfy f⇤
j ’s. In practice, we only measure the true trajectories at discrete

times and with noise. Denote the measurement of trajectory i at time t as yi(t) 2 RJ ; we assume

yi(t) = xi(t) + ✏i(t), 8i  N, t 2 T (2)

where ✏i(t) 2 RJ is zero-mean noise with standard deviation �. The measurements are made at time
t 2 T = {t1, t2, . . . , T}. We denote the dataset as D = {yi(t)|i  N, t 2 T }.

Closed form. The function fj : RJ
! R has a closed form if it can be expressed as a finite sequence

of operations (+,÷, log, . . .), input variables (x1, x2, . . .) and numeric constants (1.5, 0.8, . . .) (Bor-
wein et al., 2013). The functional form of fj is the expression with all the numeric constants replaced
by placeholders ✓k’s, e.g. fj(x) = ✓1x · log(✓2x). To fully uncover f⇤

j , we need to infer its functional
form and estimate the unknown constants ✓k’s (if any).

Variational formulation. The variational formulation provides a direct link between the trajectory
x and the ODE fj without involving ẋ (Hackbusch, 2017). We start with the following definition.

Definition 1. Consider J 2 N+, T 2 R+, continuous functions x : [0, T ] ! RJ , f : RJ
! R, and

g 2 C
1[0, T ], where C

1 is the set of continuously differentiable functions. We define the functionals

Cj(f,x, g) :=

Z T

0
f
�
x(t)

�
g(t)dt+

Z T

0
xj(t)ġ(t)dt; 8j 2 {1, 2, . . . , J} (3)

Importantly, the functional Cj depends on the testing function g(t) and its derivative ġ(t) but not ẋj .
Proposition 1 below provides the variational formulation of ODE. Essentially it specifies the infinitely
many constraints that x has to satisfy in order to be a solution to the ODE. (see Appendix A).

1We restrict the domain of the function xj to [0, T ] (rather than R+) because we only have data up to T .
However, after learning the ODE, we can extrapolate xj beyond T (Appendix D).
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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A THEORETICAL RESULTS: PROOF AND DISCUSSION

A.1 VARIATIONAL FORMULATION OF ODE

Before we prove Proposition 1, we need the following lemma which is a particular formulation of the
Fundamental lemma of calculus of variations Elsgolc (1961).
Lemma (Fundamental lemma of calculus of variations). Let h be a continuous function on a closed
interval [0, T ]. h is equal to 0 everywhere if and only if

R T
0 h(t)g(t) dt = 0 for all g 2 C

1[0, T ] such
that g(0) = g(T ) = 0.

Proof. The forward direction is trivial, so let us focus on the converse.

Assume for contradiction that there is a point t0 2 [0, T ] such that h(t0) 6= 0. Without loss of
generality, assume that h(t0) > 0. From the continuity of h, we know that there is actually a point
t1 2 (0, T ), such that h(t1) > 0. Continuity of h implies that there exists � > 0 and a small
neighbourhood (t1 � �, t1 + �) ⇢ (0, T ) such that h(t) > 0 8t 2 (t1 � �, t1 + �).

We can now define a non-negative continuous function g : [0, T ] ! [0,+1) such that g(t) = 0
outside the neighbourhood (t1 � �, t1 + �) and g(t) > 0 for some interval inside (t1 � �, t1 + �). See
Figure 6 for an illustrative example.

Figure 6: A visual illustration of the proof of Fundamental lemma of calculus of variations

Then Z T

0
h(t)g(t) dt =

Z t1+�

t1��
h(t)g(t)dt > 0 (10)

That contradicts
R T
0 h(t)g(t) dt = 0 for all g 2 C

1[0, T ] such that g(0) = g(T ) = 0.

Proof of Proposition 1. Observe that

ẋj(t) = fj(x(t)) () fj(x(t))� ẋj(t) = 0 (11)
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Now using Fundamental lemma of calculus of variations, we get that the following two statements
are equivalent

fj(x(t))� ẋj(t) = 0 8t 2 [0, T ]
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = 0 8g 2 C

1[0, T ], g(0) = g(T ) = 0
(12)

By linearity and integration by parts, we get
Z T

0
(fj(x(t))� ẋj(t))g(t)dt =

Z T

0
fj(x(t))g(t)dt�

Z T

0
ẋj(t)g(t)dt

=

Z T

0
fj(x(t))g(t)dt+

Z T

0
xj(t)ġ(t)dt� xj(T )g(T ) + xj(0)g(0)

=

Z T

0
fj(x(t))g(t)dt+

Z T

0
xj(t)ġ(t)dt

(13)

where in the last equality we used the fact that g(0) = g(T ) = 0. That means that
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = Cj(fj ,x, g) (14)

This proves that
ẋj(t) = fj(x(t)) 8j 2 {1, . . . , J} (15)

if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (16)

Discussion. As we show in the proof above, the key idea of the variational formulation is to bypass
the derivative of the trajectory ẋj(t) with the derivative of a testing function ġ(t) — the swapping of
derivatives is achieved by integration by parts (Equations 13). An important consequence is that we
no longer need to know or estimate ẋj(t) (which is unobserved and challenging to estimate), but only
need to know ġ(t) for a given testing function g(t). Indeed, if g(t) has an analytical derivative, we
immediately have access to ġ(t).

Note that the variational formulation builds on the exact condition Cj = 0. It does not consider the
situation where Cj 6= 0, no matter how close Cj is to 0. Hence, the formulation itself is inadequate
to guide the search of closed-form ODEs. For instance, suppose the Cj for two candidate functions
f̂1 and f̂2 are 0.01 and 1000 respectively. The variational formulation does not imply f̂1 fits the
trajectory x better than f̂2; rather, it implies that f̂1 and f̂2 are equally bad as Cj 6= 0 for both. In
order to bridge this gap, we need to establish a notion of distance between functions and link the
functional Cj to this distance — they are addressed in Appendix A.2 and A.3 respectively.

The formulation above is tailored for ODEs, which is the focus of the current work. However, the
variational formulation can be generalized to other types of differential equations, e.g partial differen-
tial equations (PDE) and delay differential equations (DDE). In fact, the variational formulation is
the theoretical foundation of the Finite Element Method (FEM) — the industrial standard for solving
PDEs in complex engineering systems and fluid dynamics (Zienkiewicz et al., 1977; Gokhale, 2008).
It has also been used to estimate the parameters of a known ODE or DDE (Brunel et al., 2014). We
envision that future works may be built on the general variational formulation to discover closed-form
PDE or DDE from data.

A.2 DISTANCE FUNCTION

In this section, we justify that dx(f, f⇤) is an appropriate metric for our problem.
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(fj(x(t))� ẋj(t))g(t)dt = Cj(fj ,x, g) (14)

This proves that
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Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if
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3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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Now using Fundamental lemma of calculus of variations, we get that the following two statements
are equivalent

fj(x(t))� ẋj(t) = 0 8t 2 [0, T ]
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = 0 8g 2 C

1[0, T ], g(0) = g(T ) = 0
(12)

By linearity and integration by parts, we get
Z T

0
(fj(x(t))� ẋj(t))g(t)dt =

Z T

0
fj(x(t))g(t)dt�

Z T

0
ẋj(t)g(t)dt

=

Z T

0
fj(x(t))g(t)dt+

Z T

0
xj(t)ġ(t)dt� xj(T )g(T ) + xj(0)g(0)

=

Z T

0
fj(x(t))g(t)dt+

Z T

0
xj(t)ġ(t)dt

(13)

where in the last equality we used the fact that g(0) = g(T ) = 0. That means that
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = Cj(fj ,x, g) (14)

This proves that
ẋj(t) = fj(x(t)) 8j 2 {1, . . . , J} (15)

if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (16)

Discussion. As we show in the proof above, the key idea of the variational formulation is to bypass
the derivative of the trajectory ẋj(t) with the derivative of a testing function ġ(t) — the swapping of
derivatives is achieved by integration by parts (Equations 13). An important consequence is that we
no longer need to know or estimate ẋj(t) (which is unobserved and challenging to estimate), but only
need to know ġ(t) for a given testing function g(t). Indeed, if g(t) has an analytical derivative, we
immediately have access to ġ(t).

Note that the variational formulation builds on the exact condition Cj = 0. It does not consider the
situation where Cj 6= 0, no matter how close Cj is to 0. Hence, the formulation itself is inadequate
to guide the search of closed-form ODEs. For instance, suppose the Cj for two candidate functions
f̂1 and f̂2 are 0.01 and 1000 respectively. The variational formulation does not imply f̂1 fits the
trajectory x better than f̂2; rather, it implies that f̂1 and f̂2 are equally bad as Cj 6= 0 for both. In
order to bridge this gap, we need to establish a notion of distance between functions and link the
functional Cj to this distance — they are addressed in Appendix A.2 and A.3 respectively.

The formulation above is tailored for ODEs, which is the focus of the current work. However, the
variational formulation can be generalized to other types of differential equations, e.g partial differen-
tial equations (PDE) and delay differential equations (DDE). In fact, the variational formulation is
the theoretical foundation of the Finite Element Method (FEM) — the industrial standard for solving
PDEs in complex engineering systems and fluid dynamics (Zienkiewicz et al., 1977; Gokhale, 2008).
It has also been used to estimate the parameters of a known ODE or DDE (Brunel et al., 2014). We
envision that future works may be built on the general variational formulation to discover closed-form
PDE or DDE from data.

A.2 DISTANCE FUNCTION

In this section, we justify that dx(f, f⇤) is an appropriate metric for our problem.
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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Now using Fundamental lemma of calculus of variations, we get that the following two statements
are equivalent

fj(x(t))� ẋj(t) = 0 8t 2 [0, T ]
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = 0 8g 2 C

1[0, T ], g(0) = g(T ) = 0
(12)

By linearity and integration by parts, we get
Z T

0
(fj(x(t))� ẋj(t))g(t)dt =

Z T

0
fj(x(t))g(t)dt�

Z T

0
ẋj(t)g(t)dt

=

Z T

0
fj(x(t))g(t)dt+

Z T

0
xj(t)ġ(t)dt� xj(T )g(T ) + xj(0)g(0)

=

Z T

0
fj(x(t))g(t)dt+

Z T

0
xj(t)ġ(t)dt

(13)

where in the last equality we used the fact that g(0) = g(T ) = 0. That means that
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = Cj(fj ,x, g) (14)

This proves that
ẋj(t) = fj(x(t)) 8j 2 {1, . . . , J} (15)

if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (16)

Discussion. As we show in the proof above, the key idea of the variational formulation is to bypass
the derivative of the trajectory ẋj(t) with the derivative of a testing function ġ(t) — the swapping of
derivatives is achieved by integration by parts (Equations 13). An important consequence is that we
no longer need to know or estimate ẋj(t) (which is unobserved and challenging to estimate), but only
need to know ġ(t) for a given testing function g(t). Indeed, if g(t) has an analytical derivative, we
immediately have access to ġ(t).

Note that the variational formulation builds on the exact condition Cj = 0. It does not consider the
situation where Cj 6= 0, no matter how close Cj is to 0. Hence, the formulation itself is inadequate
to guide the search of closed-form ODEs. For instance, suppose the Cj for two candidate functions
f̂1 and f̂2 are 0.01 and 1000 respectively. The variational formulation does not imply f̂1 fits the
trajectory x better than f̂2; rather, it implies that f̂1 and f̂2 are equally bad as Cj 6= 0 for both. In
order to bridge this gap, we need to establish a notion of distance between functions and link the
functional Cj to this distance — they are addressed in Appendix A.2 and A.3 respectively.

The formulation above is tailored for ODEs, which is the focus of the current work. However, the
variational formulation can be generalized to other types of differential equations, e.g partial differen-
tial equations (PDE) and delay differential equations (DDE). In fact, the variational formulation is
the theoretical foundation of the Finite Element Method (FEM) — the industrial standard for solving
PDEs in complex engineering systems and fluid dynamics (Zienkiewicz et al., 1977; Gokhale, 2008).
It has also been used to estimate the parameters of a known ODE or DDE (Brunel et al., 2014). We
envision that future works may be built on the general variational formulation to discover closed-form
PDE or DDE from data.

A.2 DISTANCE FUNCTION

In this section, we justify that dx(f, f⇤) is an appropriate metric for our problem.
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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Now using Fundamental lemma of calculus of variations, we get that the following two statements
are equivalent

fj(x(t))� ẋj(t) = 0 8t 2 [0, T ]
Z T

0
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1[0, T ], g(0) = g(T ) = 0
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where in the last equality we used the fact that g(0) = g(T ) = 0. That means that
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = Cj(fj ,x, g) (14)

This proves that
ẋj(t) = fj(x(t)) 8j 2 {1, . . . , J} (15)

if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (16)

Discussion. As we show in the proof above, the key idea of the variational formulation is to bypass
the derivative of the trajectory ẋj(t) with the derivative of a testing function ġ(t) — the swapping of
derivatives is achieved by integration by parts (Equations 13). An important consequence is that we
no longer need to know or estimate ẋj(t) (which is unobserved and challenging to estimate), but only
need to know ġ(t) for a given testing function g(t). Indeed, if g(t) has an analytical derivative, we
immediately have access to ġ(t).

Note that the variational formulation builds on the exact condition Cj = 0. It does not consider the
situation where Cj 6= 0, no matter how close Cj is to 0. Hence, the formulation itself is inadequate
to guide the search of closed-form ODEs. For instance, suppose the Cj for two candidate functions
f̂1 and f̂2 are 0.01 and 1000 respectively. The variational formulation does not imply f̂1 fits the
trajectory x better than f̂2; rather, it implies that f̂1 and f̂2 are equally bad as Cj 6= 0 for both. In
order to bridge this gap, we need to establish a notion of distance between functions and link the
functional Cj to this distance — they are addressed in Appendix A.2 and A.3 respectively.

The formulation above is tailored for ODEs, which is the focus of the current work. However, the
variational formulation can be generalized to other types of differential equations, e.g partial differen-
tial equations (PDE) and delay differential equations (DDE). In fact, the variational formulation is
the theoretical foundation of the Finite Element Method (FEM) — the industrial standard for solving
PDEs in complex engineering systems and fluid dynamics (Zienkiewicz et al., 1977; Gokhale, 2008).
It has also been used to estimate the parameters of a known ODE or DDE (Brunel et al., 2014). We
envision that future works may be built on the general variational formulation to discover closed-form
PDE or DDE from data.

A.2 DISTANCE FUNCTION

In this section, we justify that dx(f, f⇤) is an appropriate metric for our problem.
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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Now using Fundamental lemma of calculus of variations, we get that the following two statements
are equivalent

fj(x(t))� ẋj(t) = 0 8t 2 [0, T ]
Z T
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(fj(x(t))� ẋj(t))g(t)dt = 0 8g 2 C

1[0, T ], g(0) = g(T ) = 0
(12)

By linearity and integration by parts, we get
Z T

0
(fj(x(t))� ẋj(t))g(t)dt =

Z T

0
fj(x(t))g(t)dt�

Z T

0
ẋj(t)g(t)dt

=

Z T

0
fj(x(t))g(t)dt+

Z T
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xj(t)ġ(t)dt� xj(T )g(T ) + xj(0)g(0)
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(13)

where in the last equality we used the fact that g(0) = g(T ) = 0. That means that
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = Cj(fj ,x, g) (14)

This proves that
ẋj(t) = fj(x(t)) 8j 2 {1, . . . , J} (15)

if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (16)

Discussion. As we show in the proof above, the key idea of the variational formulation is to bypass
the derivative of the trajectory ẋj(t) with the derivative of a testing function ġ(t) — the swapping of
derivatives is achieved by integration by parts (Equations 13). An important consequence is that we
no longer need to know or estimate ẋj(t) (which is unobserved and challenging to estimate), but only
need to know ġ(t) for a given testing function g(t). Indeed, if g(t) has an analytical derivative, we
immediately have access to ġ(t).

Note that the variational formulation builds on the exact condition Cj = 0. It does not consider the
situation where Cj 6= 0, no matter how close Cj is to 0. Hence, the formulation itself is inadequate
to guide the search of closed-form ODEs. For instance, suppose the Cj for two candidate functions
f̂1 and f̂2 are 0.01 and 1000 respectively. The variational formulation does not imply f̂1 fits the
trajectory x better than f̂2; rather, it implies that f̂1 and f̂2 are equally bad as Cj 6= 0 for both. In
order to bridge this gap, we need to establish a notion of distance between functions and link the
functional Cj to this distance — they are addressed in Appendix A.2 and A.3 respectively.

The formulation above is tailored for ODEs, which is the focus of the current work. However, the
variational formulation can be generalized to other types of differential equations, e.g partial differen-
tial equations (PDE) and delay differential equations (DDE). In fact, the variational formulation is
the theoretical foundation of the Finite Element Method (FEM) — the industrial standard for solving
PDEs in complex engineering systems and fluid dynamics (Zienkiewicz et al., 1977; Gokhale, 2008).
It has also been used to estimate the parameters of a known ODE or DDE (Brunel et al., 2014). We
envision that future works may be built on the general variational formulation to discover closed-form
PDE or DDE from data.

A.2 DISTANCE FUNCTION

In this section, we justify that dx(f, f⇤) is an appropriate metric for our problem.
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Table 1: Comparison of related works. “Data”: the observed variables. “Allowed f⇤”: the space of discoverable
functions. “Est.”: the quantities estimated in the intermediate step. “ẋ Free”: is the method not reliant on ẋ?
“x(0) Free”: is the method not reliant on initial condition x(0)? “Objective”: the objective function. References:
[1] Schmidt & Lipson (2009), [2] Brunton et al. (2016), [3] Gaucel et al. (2014) , [4] Chen et al. (2018).

Method Data Allowed f⇤ Est. ẋ Free x(0) Free Objective

Symbolic Reg [1] a, b Closed-form None - - ||a� f(b)||2
2-step Sparse [2] y(t)

P
✓khk(x) ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
2-step Symbolic [3] y(t) Closed-form ḃx ⇥ X P

t ||ḃx(t)� f(y(t))||2
ODE Approx [4] y(t) Neural nets bx(0) X ⇥

P
t ||y(t)� bx(t)||2

D-CODE y(t) Closed-form bx X X Equation 5

Proposition 1. (Hackbusch, 2017) Consider J 2 N+, T 2 R+, a continuously differentiable function
x : [0, T ] ! RJ , and continuous functions fj : RJ

! R for j = 1, . . . , J . Then x is the solution to
the system of ODEs in Equation 1 if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (4)

3 RELATED WORK

3.1 SYMBOLIC REGRESSION

Symbolic regression attempts to uncover a closed-form prediction function a = f(b) using supervised
learning (Table 1). The main challenge is optimization: searching for the optimal f is thought to
be NP-hard because the space of closed-form functions is vast and complex—it is combinatorial
in the functional form and continuous in the numeric constants (Lu et al., 2016). Therefore, most
existing work focuses on developing optimization algorithms. Genetic programming has been one of
the most successfully and widely used methods (Koza, 1994; Schmidt & Lipson, 2009). It represents
f as a tree where the internal nodes are operations and the leaves are variables or constants (Figure
1 B). It then applies genetic algorithm to search for the best tree representation (Forrest, 1993).
More recently, AI Feynman introduces a set of heuristics to directly prune the search space, thereby
improving the optimization efficiency (Udrescu & Tegmark, 2020). Optimization methods based on
reinforcement learning (Petersen et al., 2019), pre-trained neural networks (Biggio et al., 2021), and
Meijer G-functions (Alaa & van der Schaar, 2019) have also been proposed.

All methods above use prediction error (e.g. RMSE) as the objective, which is not applicable to ODE
discovery because the label (time derivative) is not observed. D-CODE advances symbolic regression
beyond the supervised learning setting and addresses the unique challenges for ODE discovery: the
equation-data mismatch and the sensitivity to noisy or infrequent observations.

3.2 DATA-DRIVEN DISCOVERY OF CLOSED-FORM ODES

Two-step sparse regression performs sparse regression on the estimated time derivative ḃxj (Brunton
et al., 2016; Rudy et al., 2017). It assumes that the true ODE can be symbolically expressed in a
linear form: ẋj(t) =

PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.
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PK
k=1 ✓khk(x(t)) where ✓k 2 R are unknown constants and hk : RD

! R
are pre-specified candidate functions, such as monomials x, x2, . . . (Table 1). The method uses L1
regularization on ✓k to ensure the learned function only contains a few terms. We review the methods
to estimate time derivative in Appendix E.

However, the assumed linear form is very restrictive (e.g. x3/2 or 1/(x + 2) are not allowed). In
fact, it cannot symbolically represent many well-known ODEs (e.g. generalized logistic model).
Furthermore, the choice of candidate functions heavily depends on the human experts, which deviates
from our goal of automated and data-driven ODE discovery.

Two-step symbolic regression also uses the estimated time derivatives ḃxj as the label but applies
symbolic regression instead (Gaucel et al., 2014) (Table 1). It may use any optimization method
discussed in Section 3.1 to search for the optimal function. In this way, it removes the linear
assumption on the functional form and can discover closed-form functions in general.

3

Proof Sketch

Published as a conference paper at ICLR 2022

Now using Fundamental lemma of calculus of variations, we get that the following two statements
are equivalent
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By linearity and integration by parts, we get
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where in the last equality we used the fact that g(0) = g(T ) = 0. That means that
Z T

0
(fj(x(t))� ẋj(t))g(t)dt = Cj(fj ,x, g) (14)

This proves that
ẋj(t) = fj(x(t)) 8j 2 {1, . . . , J} (15)

if and only if

Cj(fj ,x, g) = 0, 8j 2 {1, . . . , J}, 8g 2 C
1[0, T ], g(0) = g(T ) = 0 (16)

Discussion. As we show in the proof above, the key idea of the variational formulation is to bypass
the derivative of the trajectory ẋj(t) with the derivative of a testing function ġ(t) — the swapping of
derivatives is achieved by integration by parts (Equations 13). An important consequence is that we
no longer need to know or estimate ẋj(t) (which is unobserved and challenging to estimate), but only
need to know ġ(t) for a given testing function g(t). Indeed, if g(t) has an analytical derivative, we
immediately have access to ġ(t).

Note that the variational formulation builds on the exact condition Cj = 0. It does not consider the
situation where Cj 6= 0, no matter how close Cj is to 0. Hence, the formulation itself is inadequate
to guide the search of closed-form ODEs. For instance, suppose the Cj for two candidate functions
f̂1 and f̂2 are 0.01 and 1000 respectively. The variational formulation does not imply f̂1 fits the
trajectory x better than f̂2; rather, it implies that f̂1 and f̂2 are equally bad as Cj 6= 0 for both. In
order to bridge this gap, we need to establish a notion of distance between functions and link the
functional Cj to this distance — they are addressed in Appendix A.2 and A.3 respectively.

The formulation above is tailored for ODEs, which is the focus of the current work. However, the
variational formulation can be generalized to other types of differential equations, e.g partial differen-
tial equations (PDE) and delay differential equations (DDE). In fact, the variational formulation is
the theoretical foundation of the Finite Element Method (FEM) — the industrial standard for solving
PDEs in complex engineering systems and fluid dynamics (Zienkiewicz et al., 1977; Gokhale, 2008).
It has also been used to estimate the parameters of a known ODE or DDE (Brunel et al., 2014). We
envision that future works may be built on the general variational formulation to discover closed-form
PDE or DDE from data.

A.2 DISTANCE FUNCTION

In this section, we justify that dx(f, f⇤) is an appropriate metric for our problem.

15

Linearity

Since, g(0)=g(T)=0

Integration by parts

Published as a conference paper at ICLR 2022

Now using Fundamental lemma of calculus of variations, we get that the following two statements
are equivalent
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(fj(x(t))� ẋj(t))g(t)dt =

Z T

0
fj(x(t))g(t)dt�

Z T

0
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where Cj is the functional defined in Equation 3 and computed using numerical integration (Davis
& Rabinowitz, 2007). The search space of f is the set of closed-form functions, and the user may
instantiate D-CODE with any optimization algorithm proposed for symbolic regression (Section 3).
We use a set of pre-defined testing functions gs 2 C

1[0, T ], s  S (to be discussed in Section 4.2).

Comparison with two-step symbolic regression. As depicted in Figure 1, D-CODE and two-step
symbolic regression have two main differences. (1) The estimands in the pre-processing steps are
different: D-CODE estimates the true trajectory x while the two-step symbolic regression estimates
the time derivative. (2) The optimization objectives are different: D-CODE optimizes the loss function
in Equation 5 while the two-step symbolic regression optimizes the prediction loss, e.g. RMSE.

4.2 THEORETICAL RESULTS

In this section we provide a formal justification of the objective in Eq. 5 and describe the shortcomings
of the objectives used in other methods (Table 1). For ease of exposition, we assume that our dataset
contains only one trajectory, i.e. N = 1. The results can be easily extended to multiple trajectories.

Distance between f and f⇤. A reasonable objective should measure the distance between a candidate
function f and the target function f⇤ (i.e. the true ODE). By minimizing the distance, the candidate
f would better approximate f⇤. A common way to measure the distance between functions is to use
the metrics induced by Lp norms of the function space. However, the Lp norms consider the values
in the entire domain RJ . This is a disadvantage because most dynamical systems in nature operate
within specific range and scale, and RJ contains areas where we do not have knowledge about or
cannot collect data from. A natural solution is to restrict the comparison on the trajectory x, which
can be achieved by composing f and f⇤ with x. We propose the following distance function:

dx(f, f
⇤) := ||f � x� f⇤

� x||2 = ||(f � f⇤) � x||2 (6)

where � denotes function composition and x is a true trajectory satisfying the ODE f⇤. In Appendix
A, we further justify and discuss the properties of dx(f, f⇤). However, in practice, the dx(f, f⇤)
cannot be computed from data because it depends on the unknown f⇤ and x. Next, we show that the
objective in Eq. 5, which is computable from data, can be used to approximate this distance.

Convergence to distance. The first step of our algorithm estimates a trajectory bx from the measure-
ments {y(t)|t 2 T } as an approximation to the true trajectory x. For a suitable smoothing algorithm,
if we increase the number of samples on the trajectory, the recovered trajectory should converge to
the ground truth. This is achieved, for instance, by spline regression (Stone, 1985; 1994) or Gaussian
processes Choi & Schervish (2007). If this is the case, Theorem 1 shows that given high enough
sampling frequency and large enough number of testing functions our objective converges to the
squared distance dx(f, f⇤)2, which measures how different f is from f⇤. That justifies our objective.
Theorem 1. Consider J 2 N+, j 2 {1, . . . , J}, T 2 R+. Let f⇤ : RJ

! R be a continuous function,
and let x : [0, T ] ! RJ be a continuously differentiable function satisfying ẋj(t) = f⇤(x(t)).
Consider a sequence of functions (bxk), where bxk : [0, T ] ! RJ is a continuously differentiable
function. If (bxk) converges to x in L2 norm. Then for any Lipschitz continuous function f

lim
S!1

lim
k!1

SX

s=1

Cj(f, bxk, gs)
2 = dx(f, f

⇤)2, (7)

where {g1, g2, . . . } is a Hilbert (orthonormal) basis for L2[0, T ] such that 8i, gi(0) = gi(T ) = 0
and gi 2 C

1[0, T ].

We provide the proof of Theorem 1 in the Appendix A.

Comparison with other methods. Theorem 1 does not place any additional constraints regarding
the smoothing algorithm apart from the convergence of the regression function. In general, the
convergence of functions does not imply the convergence of the derivatives (example in Appendix
A). That means that in contrast to D-CODE, other objectives in Table 1 place constraints on the
type estimation algorithm, i.e., the estimated derivative ˆ̇x needs to converge to the true derivative
ẋ. Even if the estimation algorithm satisfies this constraint (for instance, spline regression (Zhou
& Wolfe, 2000)), the convergence rate for derivatives is slower than for the functions themselves
(Stone, 1982). Convergence rate depends on the smoothness (differentiability class) of the function
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Table 2: Simulation results of the glycolytic oscillator under different noise levels. The success probability and
the RMSE on ✓1, ✓3 are reported for the two equations. Standard deviations are shown in the brackets.

Equation Method Success Prob. RMSE ✓̂ (10�2)
�R = 0.01 0.1 0.2 �R = 0.01 0.1 0.2

Eq. 8

SR-T 0.45 (.05) 0.27 (.05) 0.00 (.00) 1.19 (.15) 2.37 (.38) NA
SR-S 0.44 (.06) 0.11 (.04) 0.00 (.00) 1.67 (.24) 2.07 (.47) NA
SR-G 0.44 (.05) 0.05 (.02) 0.00 (.00) 1.87 (.22) 2.18 (.46) NA
D-CODE 0.58 (.05) 0.51 (.05) 0.26 (.05) 1.01 (.12) 1.55 (.28) 2.00 (.27)

Eq. 9

SR-T 0.99 (.03) 0.88 (.03) 0.00 (.00) 0.14 (.03) 0.43 (.03) NA
SR-S 0.95 (.02) 0.04 (.02) 0.00 (.00) 0.10 (.01) 0.41 (.18) NA
SR-G 0.99 (.01) 0.94 (.02) 0.25 (.04) 0.22 (.02) 1.10 (.07) 2.85 (.02)
D-CODE 1.00 (.00) 0.91 (.03) 0.65 (.05) 0.07 (.01) 0.40 (.07) 0.61 (.05)

Figure 4: Simulation results of the chaotic Lorenz system. First row: the success probabilities for the three
equations under different noise levels. Second row: simulated trajectories using true and estimated equations.

intervals (panel C). Thus, applying symbolic regression on the biased estimates is unlikely to perform
well, as is shown in the benchmark results. The same reasoning also applies to the scenario with large
sampling step size �t, another challenging situation for estimating the time derivatives.

Glycolytic oscillator. This biochemical oscillator consists of two ODEs (Sel’Kov, 1968):

ẋ1(t) = ✓1 � ✓2x1(t)� x1(t)x2(t)
2 (8)

ẋ2(t) = �x2(t) + ✓3x1(t) + x1(t)x2(t)
2 (9)

where ✓1, ✓2, ✓3 > 0 are numeric constants. Compared with the growth models above, the glycolytic
oscillator involves more variables and has more complex expressions. The two variables in the
equation interact in a highly nonlinear way through the term x1(t)x2(t)2.

The simulation results for the glycolytic oscillator are shown in Table 2. Here we report the success
probability in addition to the RMSE (⇥10�2) on the constants ✓2, ✓3, whose true values are set to 0.1
(other metrics are reported in Appendix G). D-CODE performs better or equally well compared to
the benchmarks in all metrics. Note that D-CODE is the only model that successfully recovered the
functional form under �R = 0.2 (The benchmarks’ RMSE are NA in this setting because they never
recovered the correct functional form).

Chaotic Lorenz system. The Lorenz system is a model system for chaotic dynamics, defined as:

ẋ1(t) = ✓1
�
x2(t)� x1(t)

�
; ẋ2(t) = x1(t)

�
✓2 � x3(t)

�
� x2(t); ẋ3(t) = x1(t)x2(t)� ✓3x3(t)

We set the constants as ✓1 = 10, ✓2 = 28, ✓3 = 8/3, which leads to chaotic behaviour.
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sampling step size �t, another challenging situation for estimating the time derivatives.

Glycolytic oscillator. This biochemical oscillator consists of two ODEs (Sel’Kov, 1968):

ẋ1(t) = ✓1 � ✓2x1(t)� x1(t)x2(t)
2 (8)

ẋ2(t) = �x2(t) + ✓3x1(t) + x1(t)x2(t)
2 (9)

where ✓1, ✓2, ✓3 > 0 are numeric constants. Compared with the growth models above, the glycolytic
oscillator involves more variables and has more complex expressions. The two variables in the
equation interact in a highly nonlinear way through the term x1(t)x2(t)2.

The simulation results for the glycolytic oscillator are shown in Table 2. Here we report the success
probability in addition to the RMSE (⇥10�2) on the constants ✓2, ✓3, whose true values are set to 0.1
(other metrics are reported in Appendix G). D-CODE performs better or equally well compared to
the benchmarks in all metrics. Note that D-CODE is the only model that successfully recovered the
functional form under �R = 0.2 (The benchmarks’ RMSE are NA in this setting because they never
recovered the correct functional form).

Chaotic Lorenz system. The Lorenz system is a model system for chaotic dynamics, defined as:

ẋ1(t) = ✓1
�
x2(t)� x1(t)

�
; ẋ2(t) = x1(t)

�
✓2 � x3(t)

�
� x2(t); ẋ3(t) = x1(t)x2(t)� ✓3x3(t)

We set the constants as ✓1 = 10, ✓2 = 28, ✓3 = 8/3, which leads to chaotic behaviour.
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Future Work

• Unobserved variables
• The ODE may have variables that are not directly observable.
• Examples?

• Complex equations 
• High-dimensionality of variables
• Multiple mathematical operations 
• May be challenging even for experts with domain knowledge. 

• Extreme measurement settings
• Too much noise
• Too large step size
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